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We show that spatially homogeneous and isotropic evolution of a macroscopic Coulomb system
of identical particles with or without uniform background of opposite charge obeys equations that
have the structure of cosmological equations of the general relativity theory. Specifically, there is a
Hubble law, and the background charge mimics effect of a cosmological constant. Resulting analog
cosmologies, relevant to Coulomb explosions and breathing modes in conductors, differ from their
gravitational counterparts as the evolution is driven by Coulomb repulsions between the particles.
PACS numbers: 71.45.Gm, 52.35.Fp, 05.45.-a, 98.80.-k
Introduction.- An interacting electron gas in the pres-
ence of a uniform positively charged background that
mimicks ions [1] also known as Jellium is one of the
paradigms in physics. In condensed matter physics it has
shaped understanding of metals and doped semiconduc-
tors [2–4]. The Jellium model also successfully describes
the interior of white dwarfs [5] where the roles of the elec-
trons and ions are reversed: the ions (nuclei) are moving
in a uniform background of the electrons. Below to be
definite we speak of the electrons in the presence of pos-
itively charged background but our conclusions hold for
any system of identical charged particles in the presence
of oppositely charged background.
Long-wavelength properties of Jellium can be derived
from a classical macroscopic theory that combines hydro-
dynamics and electrodynamics [6, 7]. In this approach
the electrons are treated as ideal charged liquid charac-
terized by the local position- and time-dependent num-
ber density n(r, t) and velocity v(r, t) fields, which are
related by the continuity equation
∂n
∂t
+∇ · (nv) = 0 (1)
The equation of motion of the liquid is given by the Euler
equation of hydrodynamics
∂v
∂t
+ (v · ∇)v = e
m
(
E+
1
c
v×B
)
− 1
mn
∇p (2)
where m is the electron mass, e is its charge, E and B
are the electric and magnetic fields, respectively, c is the
speed of light, and p is the pressure. The electron liquid
is accelerated both by the Lorentz force, the first term
in the right-hand side in Eq.(2), and by the gradient of
the pressure ∇p. The electric and magnetic fields in turn
are determined by Maxwell’s equations [7], specifically,
Gauss’s law of electricity,
∇ ·E = 4pie(n− n0), (3)
where n0 is the number density of the positively charged
background, Gauss’s law of magnetism,
∇ ·B = 0, (4)
Faraday’s law,
∇×E = −1
c
∂B
∂t
, (5)
and Ampe`re-Maxwell’s law,
∇×B = 1
c
∂E
∂t
+
4pi
c
env. (6)
The charge density is ρ = e(n − n0) while the current
density is j = env.
While for an equilibrium sample of net zero charge the
local neutrality n = n0 holds, small uniform displacement
of the electron liquid relative to the background triggers a
harmonic oscillation with the plasma frequency ωp given
by [6, 7]
ω2p =
4pin0e
2
m
(7)
The goal of this work is to show that Jellium can sup-
port a novel uniform and isotropic nonlinear density os-
cillation that in a special case reduces to the uniform
plasma oscillation with the frequency ωp (7). Curiously,
its dynamics is governed by equations that have the same
structure as the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) cosmological equations of the general relativ-
ity theory in the presence of the cosmological constant
[8]. This analog cosmological model derived and dis-
cussed below, is an antipode to the FLRW cosmology be-
cause the attractive gravitational interaction is replaced
by the Coulomb repulsion among the electrons while the
attractive interaction between the electrons and the back-
ground mimics effect of a negative cosmological constant.
In a special case when charged background is absent
our findings are also relevant to the dynamics of Coulomb
explosions [9]. This effect is typically caused by an in-
teraction of intense ultrashort laser pulse with matter.
Specifically, the large electric field of the pulse sweeps the
light electrons off the heavy atoms, so that the positively
charged ions left behind undergo an explosion driven by
the Coulomb repulsion. This setup may be also viewed
as analog cosmological model which is an antipode to the
FLRW cosmology without the cosmological constant.
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2Our analysis is stimulated by a remarkable observa-
tion due to Milne and McCrea [10–12] who demonstrated
that the FLRW equations originally derived from Ein-
stein’s general relativity theory can be obtained within
the framework of Newtonian gravity. Newtonian ap-
proach to cosmology has been initiated earlier by Mason
[13] who however had not advanced it as far as Milne and
McCrea. Our title is inspired by that of Ref.[14].
Evolution equations.- We seek solutions to Eqs.(1)-(6)
corresponding to spatially homogeneous and isotropic
electron density n = n(t). Then at any instant t the
pressure p that is a function of the density n is uniform
thus implying that ∇p = 0. As a result, the second term
in the right-hand side of the Euler equation (2) is iden-
tically zero. The space isotropy also dictates that in the
rest frame of one of the electrons the remainder of the
electron liquid is characterized by a radially symmetric
velocity field, v(r, t) = v(r, t)r/r, where the radius vector
r is counted relative to the electron at rest. The spherical
symmetry of the current distribution j = en(t)v(r, t)r/r
also implies that the magnetic field is radially symmet-
ric, B(r, t) = B(r, t)r/r. This is consistent with Gauss’s
law of magnetism (4) only if B(r, t) = 0. Therefore the
magnetic field is identically zero, B = 0. We conclude
that dynamics of the electron liquid is governed by the
electric field that follows from Gauss’s law (3):
E =
4pie
3
[n(t)− n0]r. (8)
With all this in mind, the continuity (1) and the Euler
(2) equations can be written as
n˙
n
+
(r2v)′
r2
= 0 (9)
v˙ + vv′
r
=
4pie2
3m
(n− n0) (10)
where the dot and the prime are shorthands for the
derivatives with respect to t and r. Below we follow Mc-
Crea and Milne [11] appropriately modifying their rea-
soning to the problem at hand.
First, let us introduce a new function H(t) such as
n˙ = −3H(t)n (11)
Then the continuity equation (12) becomes
(r2v)′ = 3H(t)r2 (12)
and can be integrated with the result
v = H(t)r +
F (t)
r2
(13)
Since the right-hand side in Eq.(10) only depends on t,
the same must be true for its left-hand side. The velocity
field (13) satisfies this requirement if F (t) ≡ 0. Restoring
vector notations Eq.(13) can then be written as
v = H(t)r (14)
which looks like a Hubble law with H(t) being the Hub-
ble parameter [8]. We now observe that Eqs.(8), (11)
and (14) automatically satisfy Faraday’s and Ampe`re-
Maxwell’s laws, Eqs.(5) and (6), with B = 0.
Substituting Eq.(14) into the Euler equation (10) we
find
H˙ +H2(t) =
4pie2
3m
(n− n0). (15)
Evolution described by Eqs.(11), (14) and (15) refers
to the rest reference frame of one of the electrons: re-
mainder of the electron liquid moves radially relative to
chosen electron. This however does not imply that there
is a preferred origin O associated with the electron at
rest [8, 12]. Indeed, let us attach another reference frame
to an electron of position vector R at O′ that is moving
relative to O with velocity V. Radius-vectors r and r′ of
an arbitrary point of the liquid, and its velocity vectors v
and v′ in the two reference frames are related by the Eu-
clidian transformation for the positions and the Galilean
transformation for the velocities:
r = r′ +R, v = v′ +V. (16)
Inserting Hubble’s law (14), v = Hr and V = HR into
the second of Eqs.(16) we find v′ = H(r − R) = Hr′
which is again the same Hubble’s law (14). So the mo-
tion from the viewpoint of an observer at point O′ (and
moves with it) is exactly the same as that from the view-
point of an observer at point O. Therefore (neglecting
finite-size effects) the solution contained in Eqs.(11), (14)
and (15), satisfies the requirement of homogeneity and
isotropy. The Hubble law (14) is then a statement about
relative velocity v of two particles separated by vector r.
Eq.(11) has the same form as corresponding cosmo-
logical equation in the matter-dominated regime [8, 11],
while Eq.(15) only differs from its matter-dominated
counterpart in the overall sign in the right-hand side.
The Hubble law (14) looks exactly the same both in the
Coulomb and Newtonian cases. To appreciate similarities
and differences between the two theories we now outline
Newtonian cosmology of Milne and McCrea [8, 10, 11].
Newtonian cosmology.- Let us consider non-relativistic
gravitating matter of particles of mass m. As in the
Jellium case, hydrodynamic description in terms of the
number density n and velocity v fields is adopted. Then
the conservation of mass is expressed by the same equa-
tion (1). Corresponding Euler equation has the same
form
∂v
∂t
+ (v · ∇)v = g − 1
mn
∇p (17)
3as the B = 0 limit of Eq.(2). The gravitational field g is
determined by Gauss’s law of gravity [8, 11, 15]
∇ · g = −4piGm(n− n0), n0 = Λc
2
4piGm
(18)
where G is the universal gravitational constant and char-
acteristic number density n0, a counterpart of the num-
ber density of the background charge in Eq.(3), is finite
only in the presence of Einstein’s cosmological constant
Λ. This equation differs from Gauss’s law (3) in the over-
all sign in the right-hand side. Comparing the two Euler
equations (2) and (17) and the two Gauss’s laws (3) and
(18) the Coulomb-Newton correspondence can be sum-
marized in a relationship
e2 → −Gm2. (19)
Gauss’s law of gravity (18) encompasses physics which
is qualitatively different from that of Jellium: particles
attracted to each other gravitationally are being repelled
by a background due to the cosmological constant. The
most telling manifestation of this difference is the fate
of the n = n0 solution to Eqs.(17) and (18) which cor-
responds to Einstein’s static Universe. This solution is
unstable [15] which can be also seen from an expression
for gravitational counterpart ωG of the plasma frequency
(7) that can be recovered with the help of Eq.(19),
ω2G = −4piGmn0 = −Λc2 < 0. (20)
On the other hand, the n = n0 solution of the Coulomb
case corresponding to the state of local neutrality is sta-
ble since ω2p > 0, Eq.(7).
Finally, applying the substitution (19) to Eq.(15) we
obtain an equation
H˙ +H2(t) = −4piGm
3
(n− n0) (21)
which along with Eqs.(11) and (14) summarizes the
FLRW cosmology in the presence of the cosmological con-
stant [8, 11] in the matter-dominated regime. We also
note that if p = 0 the FLRW cosmological equations can
be derived from the point particle viewpoint that avoids
continuum treatment [16]. For the same discrete cosmo-
logical model initial conditions leading to the FLRW-type
evolution have been also discussed [17].
Solving evolution equations.- Let us introduce a new
function a(t) called the scale factor [8] such as
H(t) =
a˙
a
. (22)
In the FLRW cosmology a(t) describes expansion or con-
traction of space itself. In Newtonian cosmology of Milne
and McCrea space is static and the world fluid is either
expanding or contracting. This viewpoint naturally ap-
plies to the dynamics of Jellium. Combining Eqs.(22)
and (11), the latter can be integrated with the result
n(t) =
β
a3(t)
(23)
where β is an integration constant. Substituting Eqs.(22)
and (23) into Eq.(15), we find an expression
ma¨ =
4pie2(n− n0)a3
3a2
=
4pie2
3
(
β
a2
− n0a
)
≡ F (a)
(24)
that is the equation of motion for an electron on the sur-
face of an expanding or contracting sphere of radius a.
The two contributions into the force F (a) felt by the elec-
tron, due to repulsion of the electrons within the sphere,
and due to attraction by the background, feature dif-
ferent dependences on a because the number of electrons
within the sphere is conserved through the evolution (23)
while the amount of background charge is not. The en-
ergy integral of Eq.(24) has the form
ma˙2
2
+ U(a) = E (25)
where
U(a) = −
∫
F (a)da =
4pie2
3
(
β
a
+
n0a
2
2
)
(26)
is the potential energy and E is the energy.
Eqs.(25) and (26) can be presented in an equivalent
form that only involves measurable quantities, specifi-
cally, Hubble’s parameter (22) and the density (23)
H2 = −4pie
2
3m
(2n+ n0) + κn
2/3, κ =
2E
mβ2/3
(27)
where κ is the only free parameter of the problem set by
initial conditions. Once again, if not for the sign in front
of the first term in the right-hand side, Eq.(27) would be
the well-known cosmological equation [8, 11].
Dynamics of the scale factor a(t) accumulated in
Eq.(25) is qualitatively different depending on whether
neutralizing background charge is present or not, and
these two cases are analyzed separately.
Dynamics of Coulomb explosion.- If n0 = 0 one finds
U(a) = 4pie2β/3a thus implying that we are essentially
dealing with a zero angular momentum repulsive Kepler’s
problem [18]. It has solutions only if E > 0, and the
motion is infinite. Taking the a → ∞ limit in Eqs. (25)
and (26) we see that there is a ”terminal velocity” a˙∞ =√
2E/m. This means that asymptotically the evolution
is ballistic, a(|t| → ∞) = √2E/m|t|, H(|t| → ∞) =
±1/|t|, n(|t| → ∞) = 1/κ3/2t3, and the Coulomb effects
are negligible.
More generally, there is a turning point, U(a) = E,
given by a1 = 4pie
2β/3E which corresponds to the small-
est scale factor and thus to the largest electron density
n1 =
β
a31
=
(
3mκ
8pie2
)3
. (28)
4-2 0 2
1
n
t
FIG. 1. Evolution of the electron density n(t) according to
Eq.(31) in units given by Eqs.(28) and (29) without negatively
charged background. The electron liquid contracts for t < 0
until it reaches the maximal density at t = 0 followed by an
expansion for t > 0.
This is the density at which Hubble’s parameter (27)
vanishes, and the motion changes from contraction to
expansion. Existence of the density scale (28) allows us
to introduce corresponding time scale
t1 =
(
3m
8pin1e2
)1/2
=
8pie2
3mκ3/2
. (29)
Its physical significance consists in separating the bal-
listic, |t| & t1, from the Coulomb repulsion dominated,
|t| . t1, regimes of evolution (where the zero of time
was chosen at n = n1). The density and time scales
(28) and (29), respectively, define a convenient system
of units hereafter adopted for the n0 = 0 case. Then
Eq.(27) becomes
H2 = −n+ n2/3 (30)
We see that relative expansion or contraction rates are
maximal at the density n = 8/27.
Employing the solution a(t) to the repulsive Kepler’s
problem [18] along with Eq.(23), time dependence of the
density can be given in the following form
n =
1
a3
=
8
(cosh ξ + 1)3
, t =
1
2
(sinh ξ + ξ) (31)
where ξ is a parameter varying from minus to plus infin-
ity. The dependence of the density on time (31) is shown
in Figure 1.
Evolution of the electron liquid without charged back-
ground features hydrodynamic similarity. This means
that the system of units given by Eqs.(28) and (29) can
be always found so that solution to the evolution equa-
tions can be put into the universal form (30) and (31).
At this point we find it instructive to compare the cases
of the Coulomb and purely Newtonian (zero cosmologi-
cal constant) evolutions. The latter, in the approach of
Milne and McCrea [10, 11], reduces to analysis of an at-
tractive zero angular momentum Kepler’s problem [8, 11].
Here the three well-known types of motion [18], elliptic,
parabolic, and hyperbolic, correspond to closed (E < 0),
flat (E = 0), or open (E > 0) cosmologies, respectively.
From this standpoint evolution of the Coulomb system
of identical particles without oppositely charged back-
ground is hyperbolic and corresponding analog cosmol-
ogy is open. It differs from the open FLRW cosmology
in the following crucial aspect: a density singularity such
as the Big Bang is prevented by repulsive Coulomb in-
teractions between the particles.
Breathing mode in Jellium.- We now restore original
physical units and focus on the n0 6= 0 case which means
that the electron liquid evolves in the presence of oppo-
sitely charged background of fixed number density n0. In
this case the force F (a) entering the right-hand side of
Eq.(24) vanishes at a = a0 = (β/n0)
1/3. According to
Eq.(23) this happens when n = n0 which is what is ex-
pected when neutrality holds locally. The electron liquid
is compressed if a < a0 (n > n0) and stretched if a > a0
(n < n0). For a− a0 small the force (24) is linear in the
difference and restoring, F = −mω2p(a−a0), thus imply-
ing that we have a harmonic oscillation with the plasma
frequency ωp (7). Existence of characteristic density n0,
scale factor a0 and time 1/ωp scales prompts adoption of
the following units
[n] = n0, [a] =
(
β
n0
)1/3
, [t] =
(
m
4pin0e2
)1/2
(32)
where [x] stands for the unit of x. Then Eqs.(23), (25),
(26), and (27) acquire the form
n(t) =
1
a3(t)
, (33)
a˙2
2
+ U(a) = ,  =
E
4pie2(n0β2)1/3
, (34)
U(a) =
1
3
(
1
a
+
a2
2
)
, (35)
H2 = −1
3
(2n+ 1) + 2n2/3 (36)
The dynamics of the scale factor a(t) can be under-
stood in terms of the motion of a classical particle of the
energy  in the potential well (35) as sketched in Figure
2. Since U(a) > 1/2, Eq.(34) (as well as Eq.(36)) has
solutions only if  > 1/2. When  = 1/2 + 0 the scale
factor undergoes already mentioned simple harmonic os-
cillation with unit (plasma) frequency while for  > 1/2
the oscillation is nonlinear and asymmetric. For  fixed,
smallest and largest scale factors a1 and a2, respectively,
50 1 2 3
1
2
U
aa₁ a₂
U=𝜖
FIG. 2. (Color online) Potential well U(a) (35) for a particle
of position a and energy  in units of Eq.(32). If  > 1/2 the
motion is finite with turning points a1,2 given by solutions to
the equation U(a) = . Greyscale region is not accessible for
the motion.
the turning points of the motion, are solutions to the
cubic equation U(a) = . Correspondingly, the electron
density oscillates between its largest and smallest values,
n1 = 1/a
3
1 and n2 = 1/a
3
2 which are also zeros of the
Hubble parameter (36). This oscillation can be classified
as homogeneous monopole (breathing) mode.
The dependence of the Hubble parameter on the den-
sity is given by Eq.(36): expansion, H > 0, and contrac-
tion, H < 0, of the electron liquid take place within the
[n2, n1] density range corresponding to the [a1, a2] inter-
val of the scale factor of Figure 2. The relative expansion
or contraction rate is maximal at a density n = (2)3.
The density n as a function of time t can be obtained by
integrating Eq.(34)
t =
1√
2
∫ n−1/3
a1
da√
− U(a) (37)
while the period of the Jellium oscillation is given by
T =
√
2
∫ a2
a1
da√
− U(a) (38)
With potential energy function U(a) as in Eq.(35) these
expressions can be reduced to elliptic integrals.
Once again, a comparison with Newtonian evolution in
the presence of the cosmological constant is in order. In
the approach of Milne and McCrea [10, 11] this entails so-
lution of a problem of classical mechanics with potential
energy function that is the negative of Eq.(35). Possi-
ble cosmological models can be now classified according
to whether  < −1/2 (oscillatory with density singular-
ity or open non-singular),  > −1/2 (open singular), or
 = −1/2 (marginal). From this standpoint evolution
of the Coulomb system of identical particles with oppo-
sitely charged background gives an example of oscillatory
analog cosmology without density singularity.
Conclusions.- To summarize, we have demonstrated
that uniform and isotropic evolution of a macroscopic
Coulomb system of identical particles with or without
oppositely charged background obeys the equations that
have the form of the FLRW cosmological equations. Cor-
responding Coulomb universes differ from the physical
Universe as the role of the attractive gravity is played by
the repulsive Coulomb interaction between the particles.
In the heart of this analogy lies Newton’s shell theo-
rem [19] which states that gravitational field outside of
a thin uniform sphere is the same as that of a particle
at the center, having the same mass as the sphere, and
the field is zero inside the sphere. The shell theorem also
holds for the Coulomb force law. Our Eq.(8), as well as
its gravitational cousin, g ∝ r, central to the existence of
the FLRW-type solutions may be viewed as consequences
of the shell theorem. Since a d-dimensional counterpart
of Eq.(8) also has the E ∝ r form, solutions of this type
exist in general dimension. This however excludes lab-
oratory low-dimensional systems such as wires or layers
imbedded in three-dimensional space. Indeed, the elec-
tric field driving the evolution in these systems is only
a projection of the total three-dimensional electric field
onto the d-dimensional space of the Coulomb system. On
the contrary, Gauss’s law or equivalently the shell theo-
rem involve all components of the electric field.
The hallmark of the FLRW-type evolution both in the
Newtonian and Coulomb cases is the absence of the pre-
ferred origin: every particle can be chosen as an origin.
However in practice preferred origin can be imposed by
finite-size effects. For example, one can imagine a finite-
radius uniformly charged ball of identical particles con-
tracting or expanding into an unbounded charged back-
ground (or without any background at all). The center
of the ball is the preferred origin relative to which the
evolution of the system is spherically-symmetric. Our
analysis covers this situation too, provided p = 0. In-
deed, the statement of charge conservation (23) and the
equation of motion of a test particle (24) on the surface
of an expanding or contracting sphere of radius a still ap-
ply to all the particles within the ball including those on
its physical boundary. Choosing the integration constant
in Eq.(23) to be β = 3N/4pi (where N is the total num-
ber of particles within the ball) the scale factor becomes
the radius of the ball whose evolution a(t) our theory
also predicts. For example, in the Coulomb explosion
(n0 = 0) case the radius of the ball evolves with time
according to
a =
a1
2
(cosh ξ+1), t =
1
2
(
ma31
2e2N
)1/2
(sinh ξ+ξ) (39)
We hope that in the near future our results will be
testable in Coulomb explosion experiments as well as in
studies of nonlinear monopole modes.
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